Abstract: Ordinary least squares estimates can behave badly when outliers are present. An alternative is to use a robust regression technique that can handle outliers and influential observations. We introduce a new robust estimation method called TELBS robust regression method. We also introduce a new measurement called S h (i) for detecting influential observations. In addition, a new measure for goodness of fit, called R 2 RFPR , is introduced. We provide an algorithm to perform the TELBS estimation of regression parameters. Real and simulated data sets are used to assess the performance of this new estimator. In simulated data with outliers, the TELBS estimator of regression parameters performs better in comparison with least squares, M and MM estimators, with respect to both bias and mean squared error. For rat liver weights data, none of the estimators (least squares, M, and MM) are able to estimate the parameters accurately. However, TELBS does give an accurate estimate. Using real data for brain imaging, the TELBS and MM methods were equally accurate. In both of these real data sets, the S h (i) measure was very effective in identifying influential observations. The robustness and simplicity of computations of TELBS model parameters make this method an appropriate one for analysis of linear regression. Algorithms and programs have been provided for ease in implementation, including all relevant statistics necessary to perform a complete analysis of linear regression.
Background
Linear regression is one of the most popular and widely used models for analyzing the effect of explanatory variables on a response variable, and it has widespread application in every field of study, including biomedical research. The least squares method is a commonly used method for parameter estimation of regression coefficients, but with the presence of outliers in the data, regression parameter estimates, hypothesis testing, and predictions may no longer be reliable. In biomedical research it is an absolute necessity to make reliable conclusions from the data and to be able to identify and analyze data containing outliers and influential observations. The primary purpose of a robust linear regression is to fit a model which gives resilient results in the presence of outliers. Rousseeuw and Leroy 1 define vertical outliers as those datum points that have outlying values in the direction of the response variable, while leverage points are outliers in the direction of explanatory variables. Good leverage points are those datum points which are located near the regression line. The ordinary least squares method minimizes the variance of residuals. The presence of good leverage does not affect ordinary least squares estimates of the regression coefficients, but does affect the estimated standard error of the estimated coefficients. On the other hand, bad leverage points influence both the least squares estimates of parameters as well as their estimated standard errors. In addition to leverage points and outliers, an observation may be influential if its removal would significantly change the estimate of regression coefficients. Edgeworth 2 proposed a robust method called the least absolute deviation or L 1 norm. Huber 3 introduced the M estimation method for regression. The M estimation has unbounded influence and is not robust with respect to leverage points, but it is fairly robust with respect to vertical outliers. It uses a certain cost function of residuals. Rousseeuw 4 introduced the least trimmed squares estimates. Rousseeuw and Yohai 5 introduced the S estimator. Yohai and Zammar 6 introduced the τ estimator of linear regression coefficients, which is a high efficiency estimator and has a high breakdown point. Tabatabai and Argyros 7 extended the τ estimates to nonlinear regression models (see Fasano 8 for additional use of such nonlinear robust methods). The most popular and widely used method of robust regression is MM estimation of linear regression parameters. The MM estimator was originally introduced by Yohai. 9 It has high asymptotic efficiency under the normal distribution assumption and can possibly attain a 50% breakdown point. Linear regression methods are frequently used to assist scientists in biomedical research.
Recently, Yang et al 10 used robust regression to analyze voxelwise correlations between functional and structural neuroimaging modalities. Yeo et al 11 introduced a new robust regression-based exon array protocol for exon array analysis which led to discoveries about the complexity of alternative RNA splicing in human embryonic stem cells and their transition to neural stem cells. Xu et al 12 used robust linear regression and analyzed the association between DNA copy number and gene expression in tumor cells from metastatic lymph nodes in patients with oral squamous cell carcinoma. In computer vision, robust regression methods have been used extensively to estimate surface model parameters in small image regions and imaging geometry of multiple cameras (see Stewart 13 and the more recent work of Zaharescu and Horaud 14 ). In the analysis of gene microarrays, Ahdesmäki et al 15 proposed use of robust M estimation of regression when dealing with biological time series models. Karan et al 16 assessed the use of visual aids when obtaining informed consent for cataract surgery, using linear regression model as their model of choice. The study of van Vliet et al 17 used robust linear regression to demonstrate that low plasma apolipoprotein E gene levels in midlife are associated with increased risk of Alzheimer's disease in later life. In a largescale study, Pinheiro et al 18 used robust linear regression to study the association between race and hormone levels in breast cancer patients. Floyd used a robust linear regression to determine whether there was a difference in the opioid requirement between men and women. These cases are representative of the prevalence of use of linear regression in biomedical research, and clearly there is a need for simple and effective methods for finding an accurate estimate in the presence of outliers.
The goal of this paper is to introduce the TELBS robust linear regression estimator to researchers in every field, including biomedicine. This new method for robust regression has a bounded influence and high breakdown point and asymptotic efficiency under normal distribution and is able to estimate the parameters of linear regression in a way that is close to the parameter estimates we would have estimated with the absence of outliers in the data. The next section introduces the TELBS robust linear regression model, followed by an algorithm describing its implementation. We then apply this new model to analyze a problem involving magnetic resonance imaging of cerebral blood flow and a second problem involving drug absorption in rat livers. In addition, Monte Carlo simulations are performed to evaluate the robustness of the TELBS method, in comparison with ordinary least squares, M and the MM methods. Computer programs for application data sets are given in the Appendix.
TELBS robust linear regression model
Suppose y 1 , y 2 , …, y n is a sample of n observations. In this paper, we consider the standard linear regression model of the form 
where σ is the error standard deviation, and h ii 's are the diagonal elements of the hat matrix of the form 
( ( ) .
For j = 1, 2, …, k, we define
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If σ is unknown, one may use one of the following two estimators of σ which were proposed by Rousseeuw and Croux
where t
2 1 2 is the binomial coefficient and {.} (p) is the pth order statistic.
The abovementioned estimators of σ have very high breakdown points. Under the assumption of normality, (3) and (4) have higher efficiency than the median absolute deviation. In this paper, all of our computations are performed using formula (3) .
The function ρ ω : R → R is a differentiable function satisfying the following properties:
Since ρ ω satisfies property (viii), it is called a redescending function. The function ρ ω is also a slow variation function because it satisfies property (vii). Taking the partial derivatives of (1) with respect to parameters and setting them equal to zero results in the following system of equations
where ψ ω is the derivative of ρ ω which is equal to ψ ω (x) = ωSech(ωx) Tanh(ωx). Define the weights w i as
Then the equation (5) can be written as
The matrix of weights, W is a diagonal matrix, the elements of which on the main diagonals are w 1 , w 2 , …, w n , and the estimator of the parameter vector β is given by 1 ( , ) ( ) . 
Under the assumption of normality for the underlying distribution, the asymptotic efficiency A eff is defined as The tuning constant ω can be calculated by solving equation (7) Figure 1 show the graph of ρ ω and the dashed curves are the graphs of ψ ω functions with tuning constant ω values set to 0.901, and 0.405. The three-dimensional graphs of ρ ω (x) and ψ ω (x) as a function of ω and x are shown in Figures 2 and 3, respectively.
An estimate for the variance-covariance matrix is given by 2 2 2
The robust deviance is defined as
. For more details, see Rosseeuw and Leroy. 1 To measure the overall effect of the covariates on the response variable, one can use an F type statistic of the form
There are numerous variable selection techniques available in the literature. One may use the stepwise procedure involving forward selection or backward elimination. For each set S ⊆ {x 1 , x 2 , …, x p } of explanatory variables, the robust final predicted error, as defined by Maronna et al, 26 is denoted by RFPE(S) and is defined as 
This new statistic measures the overall performance of the model and is based on the value of RFPE(FullModel) which is the RFPE when the final model is selected and RFPE(ConstantOnlyModel) when only constant parameter is included in the linear regression model. The range for the values of R RFPR 2 is from a low of zero up to a maximum of one.
To perform hypothesis testing, we let Ω ⊆ R k+1 be the parameter space and { , , ..., } β β β
be a subset of {β 0 ,
Define Then a robust likelihood ratio type test statistic for testing the null hypothesis H 0 :β ∈ Ω 0 against the alternative H c 1 0
For more information, see Hampel et al. 27 Asymptotically under the null hypothesis
2 has a Chisquare distribution with q degrees of freedom, where the Wald-type test statistic is defined as
where ( / ) 1 n V q is the asymptotic variance-covariance matrix for the given vector β β β
The null distribution of the statistic W n 2 is asymptotically a Chi-square distribution with q degrees of freedom.
To identify the outliers, influential observations, or leverage points, we recommend that the following diagnostic measures along with graphical measures be part of any regression diagnostic efforts. The first measure we recommend is the robust Studentized residual using TELBS robust estimates of parameters. This statistic has the form
where most preferably σ should be calculated using formula (3) or (4). The next diagnostic measure that needs to be calculated is the robust Cook's distance using TELBS estimated parameters. The robust Cook's distance has the form
We recommend that in addition to considering the elements of the main diagonal of the hat matrix h ii 's, one should use the following influence measure called S h (i) which we define as .
Large values of |S h (i)| indicates the presence of an influential observation. This statistic seems to be a very good measure in identifying the leverage points.
Algorithm
The following algorithm uses the TELBS method to estimate the parameter vector β of the linear regression model. 
One may choose the value of ε = 0.00001.
Applications of TELBS robust linear regression Cerebral blood flow
Arterial spin labeling and dynamic susceptibility contrast are used to measure cerebral blood flow. This technique can help patients with brain tumors. Warmuth et al 28 implemented an arterial spin labeling method which allows assessment of microvascular perfusion and is capable of making a distinction between low-grade and high-grade gliomas in patients with brain tumors. They also compared the arterial spin labeling method with dynamic susceptibility-weighted contrast material-enhanced magnetic resonance imaging for evaluation of blood flow. The authors investigated the linear association between arterial spin labeling and dynamic susceptibilityweighted contrast magnetic resonance imaging in the tumor region of interest. They believe that either method can identify high-grade and low-grade gliomas with a reasonable degree of accuracy. They conclude that arterial spin-labeling is a suitable method for assessment of microvascular perfusion and can identify high-grade and low-grade gliomas. Table 1 gives the values of three diagnostic measures SR i , S h (i), and CD i , using TELBS as a robust estimator of regression parameters. Considering all three measures, the strongest outliers appear to be observations 30 and 14 followed by observation 16. Table 2 shows the parameter estimates, standard errors, and one-sided P values using ordinary least squares estimator, ordi- the outcome of the linear regression model. These data have appeared in Weisberg 29 as rat liver data. Nineteen rats were randomly selected and their body weights were measured. They were then placed under anesthesia and given an oral dose of 40 mg of a drug, in the amount of 40 mg per kilogram of body weight. After a fixed period of time, each rat was sacrificed and the liver weight and percent of the dose in the liver were determined. The goal of this study was to predict the percentage of drug dose absorbed by the rat liver using a linear function of body weight, liver weight, and relative drug dose. The investigator expected that the percentage of drug dose absorbed by the rat liver to be independent of dose and body weight. The ordinary least squares results point to the significance of both dose and body weight. On the other hand, diagnostic examinations in Table 3 reveal that observation 3 is a highly influential observation which has a high leverage. All three diagnostic measures point toward observation number 3 as a highly influential one. It is possible that rat number 3 received a significantly higher dose relative to its body weight. Table 4 shows the parameter estimates, standard errors, and one-sided P values using ordinary least squares estimator, ordinary least squares estimator after removal of influential observation 3, M estimator, MM estimator, and the TELBS estimator. When the influence of observation 3 is removed, then the ordinary least square estimator points to the nonsignificance of both dose and body weight as predictors of percentage of drug dose absorbed by rat liver. The least squares estimator, M estimator, and MM estimator all failed to give the correct conclusion. Only the TELBS estimator was in agreement with the nonsignificance of both drug dose and body weight.
Simulation
To evaluate the performance of the TELBS estimator in comparison with the least squares, M, and MM-estimators, we performed a simulation. We first generated 1000 samples of size n = 20 where the errors ε i ′ s were independent and identically distributed normal variables with a mean of 0 and a standard deviation of 1. The single explanatory variable x was then generated using a standard normal distribution with a mean of 0 and a standard deviation of 1. The response variable y is generated using the following equation
, where the parameters are β 0 = 1 and β 1 = 3. Additionally, we generated 1000 samples of size n = 100 where the errors ε i ′s nary least squares-estimator after removal of some influential observations, M estimator, MM estimator, and the TELBS estimators. In Figure 4 , we have drawn the scatter plot of the ratio of the predictor variable (bolus tracking) versus the response variable (spin-labeling) and the graph of the fitted regression line to these data using the TELBS robust regression method. In this graph, observations 14, 16, and 30 are highlighted as potential outliers. The Mathematica program used to perform the computations for TELBS robust linear regression for this data set is provided in the Appendix. For this example, TELBS is an effective regression tool in estimating model parameters in the presence of outliers. Furthermore, we see that the diagnostic measure S h (i) helps to identify outliers.
Rat liver experiment
The following is a classic example of a case where the influence of a single observation can significantly change were independent and identically distributed normal variables with a mean of 0 and a standard deviation of 1. The explanatory variables x 1 and x 2 were then generated using a standard normal distribution with a mean of 0 and a standard deviation of 1. The response variables y i ′s were calculated using the equation where β 0 = 1 and β 1 = 3 and β 2 = 0.50. Mathematica software and R were used in the simulation process. To evaluate the robustness of these estimators, we randomly chose 5%, 25%, and 40% of the simulated observations and contaminated the selected data by magnifying their size by a factor of 1000, first in the direction of explanatory variable(s), response variable(s), and both the response and explanatory variable(s). Finally, we estimated both bias and mean squared errors using the following equation Tables 5-10 give the summary of the simulation results for both small and large sample sizes and contamination levels of 5%, 25%, and 40%. The asymptotic efficiency for all of our simulation methods is 95%. By examining the simulation tables, we see that the least squares method performs poorly at all levels of contamination and for both small and large samples. The M method underperforms in all cases, except at the 5% contamination level and only when the contamination is in the direction of the response variable only. The MM method performs better than the M and least squares methods. Overall, the MM method does not seem to perform as well when the contamination level is 25% or 40%, and especially when the ratio of the number of parameters to the sample size becomes large. The TELBS method outperforms all the models under consideration for both small and large samples and at all levels of contamination in the direction of the response variable, the explanatory variable, or both.
Conclusion
In this paper we introduced a new robust estimator of linear regression parameters known as the TELBS estimator. robust measures of goodness of fit and robust method of variable selection. In addition, robust testing of the hypothesis concerning model parameters were introduced and a new diagnostic statistic for identifying influential observations was introduced. Moreover, an algorithm was developed to perform the TELBS estimation of model parameters, and in the Appendix we have provided computer programs using both R and Mathematica software. Either program would perform the calculations necessary for regression analysis of a data set by minor adjustments for the number of explanatory variables. The TELBS method was also applied to two sets of real data and a computer simulation revealed the robustness of this new estimator. For the rat liver data set, the TELBS method was the only method producing the correct conclusion. In linear regression it is of utmost significance to identify outliers, leverage points, and influential observations. These observations may provide clues about the model and the research under study. They may also reveal some interesting aspects of the data and the cause of such behavior. The TELBS estimator of robust linear regression can bound the influence of such observations. Robust techniques have not been widely used by biomedical researchers mainly because of their computational complexity. The TELBS method provides a simple but powerful alternative to such a problem. The TELBS estimator of linear regression parameters has influence functions bounded in both the explanatory variables and the response variable direction. It has high asymptotic breakdown point and efficiency. The simulation results clearly indicates that the TELBS method is worthy of consideration by scientists and medical practitioners when it comes to linear regression.
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Appendix: Mathematica and R programs
R program for rat liver data: "Tlmrobrat1.R" lmauto2=function(m){ data=read. [1] int=array ( [6] =median(abs(r)) return(out) } a=lmauto2(100) [1] b=lmauto2(100) [2] c=lmauto2(100) [3] d=lmauto2(100) [4] sighat=lmauto2(100) [5] ma=lmauto2(100) [ 
## apply the robust linear method to rat data with three covariates ## par is initial value for optimization ## cs: tuning constant; cs=0.405 wd=cbind(des,x); sm=wd%*%solve(t(wd)%*%wd)%*%t(wd) mf=diag(diag(sm))%*%des s1=array(0,c(n,1)) s2=array(0,c(n,1)) p=dim(data) [2] num=1-mf; for (i in 1:n){ num0[i]=1-1/n} ##compute R-square for (k in 1: n){ mr[k]=median(abs(y[k]-y)) } rsq=1-(ma/median(mr))^2 ## Estimate the variance covariance matrix g1=function(t){ g=cs*1/cosh(cs*t)*tanh(cs*t) ##first derivative return(g) } g2=function(t){ g=cs^2*(1/cosh(cs*t))^3-cs^2*(1/cosh(cs*t))*(tanh(cs*t))^2 return(g) ##second derivative } for(i in 1:
} wt=solve(t(wd)%*%wd) sq=(sum(s2))^2 variance=sum(s1^2)/((n-p)*sq) ##covariance matrix cov=(sighat^2)*(n^2)*variance*wt ##Standard error sea=sqrt(diag(cov)) [1] seb=sqrt(diag(cov)) [2] sec=sqrt(diag(cov)) [3] sed=sqrt(diag(cov)) [4] ##compute t-value and Wald chi-square t1=a/sea; chsq1=t1^2; t2=b/seb; chsq2=t2^2; t3=c/sec; chsq3=t3^2; t4=d/sed; chsq4=t4^2; ##compute p-value pvalue1=1-pchisq(chsq1,1) pvalue2=1-pchisq(chsq2,1) pvalue3=1-pchisq(chsq3,1) pvalue4=1-pchisq(chsq4,1) ## Output parameter estimate, S.E., t-value, variance-covariance matrix, ## Wald chi-square, and p-value for each parameter cat("a:", a,"\n"); cat("b:", b,"\n"); cat("c:", c,"\n"); cat("d:", d,"\n"); cat("SE (a):", sea,"\n"); cat("SE (b):", seb,"\n"); cat("SE (c):", sec,"\n"); cat("SE (d):", sed,"\n"); cat("t value (a):", a/sea,"\n"); cat("t value (b):", b/seb,"\n"); cat("t value (c):", c/sec,"\n"); cat("t value (d):", d/sed,"\n"); cat("Var-Cov matrix:", cov,"\n"); cat("Wald (a):", chsq1,"\n"); cat("Wald (b):", chsq2,"\n"); cat("Wald (c):", chsq3,"\n"); cat("Wald (d):", chsq4,"\n"); cat("p-value (a):", pvalue1,"\n"); cat("p-value (b):", pvalue2, "\n"); cat("p-value (c):", pvalue3, "\n"); cat("p-value (d):", pvalue4, "\n"); cat("Rsquare:", rsq,"\n"); cat("Sigma hat:", sighat,"\n"); 
